Abstract. This paper characterizes when the normals of a spline curve or spline surface lie in the more easily computed cone of the normals of the segments of the spline control net.
Introduction
Since, for splines, subdivision amounts to averaging, would not the limit normal of a spline curve or surface be a linear, even convex combination of the normals of the segments of the spline control net? In this introduction and in Section 2 we present some evidence that supports this conjecture for curves and functions. Section 3 discusses the case of box-spline surfaces.
Such an investigation is practically useful, since an affirmative answer to the question would allow substituting a simpler computation of bounds on the control structure for complex, exact bounds on the corresponding nonlinear curve or surface. Such bounds play a significant role in curve and surface intersection algorithms and in efficient or high-quality rendering.
For a planar, polynomial curve segment in B-spline or Bézier form, the cone spanned by the perpendiculars to the control segments encloses the cone of the curve normals. This follows from (i) the coefficients of the hodograph (the derivative of the parametrization) are the scaled differences of the coefficients of the curve parametrization, (ii) the hodograph is a convex combination of its coefficients and (iii) the normal to the curve segment is perpendicular to its hodograph.
In symbols, we consider a planar curve
in terms of Bernstein polynomials or B-splines b i (t) of degree d. Then ⊥(x, y) = (−y, x) is the normal direction n(c, t) of c at t, and we may define The proof of the assertion is
Note that the basic idea generalizes to curves in higher-dimensional spaces and characterizes the normal hyperplanes perpendicular to the tangent cone spanned by the differences of the control polygon.
Curves and Bivariate Functions
We generalize the earlier argument to rational planar curves of the form
with w i > 0: the cone spanned by the perpendiculars to the control segments encloses the cone of the curve normals.
Lemma 1. Let n(r, t) be the normal to the rational Bézier curve segment r and
Proof. Both the rational de Casteljau and the de Boor algorithm use only pairwise convex combinations to compute intermediate points ρ (Figure 1 ) and the tangent of r at parameter t is
